Elastic, anisotropic, non-homogeneous, prismatic beams are solved through a semi-analytical formulation. The resulting variational formulation is solved with a finite element discretization over the cross-section, leading to a set of Hamiltonian ordinary differential equations along the beam. Such a formulation is characterized by a group of generalized eigenvectors associated to null eigenvalues, which are shown to combine rigid body motions and the classical De Saint-Venant's beam solutions. The related generalized deformation parameters are identified through the amplitude of the deformable generalized eigenvectors. Results obtained from the analysis of both isotropic and composite beams are presented.
Introduction
General approaches for the characterization of beam sections have been studied since the end of the 70s. As discussed in the following, the most flexible and versatile are based on semi-analytical finite element methods. A first seminal work can be found in the use of the displacement method for the analysis of thin walled beam sections, proposed by Mantegazza (1977) . Giavotto et al. (1983) generalized this method to the analysis of anisotropic beam sections to study rotor blades of helicopters and of large wind turbines. This generalization is based on the separation of the displacement in two main contributions, the motion of a reference section of the beam and a three dimensional warping field (both in-plane and out-of-plane). The procedure leads to a linear system of second order ordinary differential equations along the beam, whose solution is composed by the particular integral of the system, a polynomial solution called ''central solution", and by the general integral, a set of self-balanced exponential solutions characterizing the corrective stresses in diffusion problems (Giavotto, 1986) . The first term is the generalization of De Saint-Venant's solutions, and can be used to compute the characteristic properties of the section; the second term represents the effects of constraints: the eigenvalues of the problem correspond to the decay rate of the exponential solution from the perturbation that created them. The asymptotic decay of the self-balanced solutions is well known; among the many papers written on the topic we mention the cornerstone work of Toupin (1965) and the review works of Horgan (1989 Horgan ( , 1996 . Up to now exponential solutions have not been considered in most engineering applications. The proposed formulation brought to the birth of ANBA, a software for the analysis of anisotropic beam sections developed at the ''Dipartimento di Ingegneria Aerospaziale", Politecnico di Milano (DIAPM). The software was then generalized by Borri and Merlini (1986) for nonlinear analyses, and by Borri et al. (1992) for lightly curved and twisted beams. Other extensions, limited to the linear case, accounted for thermal stresses (Ghiringhelli, 1997) , coupling with piezoelectric effects and propagation of distributed loads (Masarati, 2001 ). Giavotto and his co-workers did not further develop their beam theory; instead, advanced engineering applications were sought, as the optimization of active helicopter blades (e.g. Ghiringhelli et al., 2008) .
Additional contributions to the characterization of anisotropic beam sections were given by Hodges and his co-workers (as summarized in Hodges, 2006) , that recognized the value of DIAPM work. Differently from DIAPM researchers, Hodges et al. (1992) exploited the variational asymptotic methods (VAMs) to eliminate the less significant terms in the elastic formulation of a 3D beam, and they developed a software for the analysis of curved, twisted anisotropic beams (VABS, see Cesnik et al., 1996 Cesnik et al., , 1997 . Their work shows once more that end effects are usually negligible in engineering applications (Yu and Hodges, 2004) .
However, the complete solution of the three dimensional beam problem is important whenever an accurate analysis of beams with changes in properties along their span is required and a solid finite element model has to be avoided.
A common aspect of these approaches is the decomposition of the displacement field into the cross-section reference motion and an additional warping, that introduces a redundancy that needs to be constrained. Although this formulation allows the definition of a flexibility matrix , the meaning of the corresponding deformation parameters is not clear from a physical point of view. In Ghiringhelli and Mantegazza (1994) it is proved that the constraints introduced to eliminate this redundancy do not modify the flexibility matrix. In this paper it is shown that the whole decomposition procedure is absolutely arbitrary and not necessary.
Almost at the same time, other authors worked on the characterization of anisotropic beam sections. The elastic problem of rods was considered in Berdichevsky and Staroselsky (1985) , who extended Saint-Venant's theory to twisted rods. Then, and investigated the three dimensional problem for both prismatic and twisted rods, showing that the construction of elementary solutions is reduced to the solution of boundary value problems in the cross-section. Lately, Zubov (2006) and Romanova and Ustinov (2008) analyzed nonlinear De Saint-Venant problems and anisotropic materials. They showed that the solution of a 3D beam problem is reduced to a problem on its cross-section and that the Saint-Venant's classical solutions are identified as the linear combination of the 12 socalled elementary solutions characterized by null coincident eigenvalues. In all these articles, the main focus was on possible analytical solution of the problem.
Quite surprisingly, almost all the above mentioned contributions ignored a series of works published by A. Mielke. Starting from the analogy between elliptic system in cylinders and dynamic problems with the axial variable playing the role of time, hinted by Kirchgässner (1982) , the center manifold of an elastic prism was identified in Mielke (1988) , and related to the solutions of the classical rod equations (see also Mielke, 1990) . The Hamiltonian formalism was then adopted by Mielke (1991) to obtain the rod stored energy function up to third order terms. In doing so, he identified the four Jordan chains that are the basis of De SaintVenant's solutions, anticipating many results of and . This paper expands on previous DIAPM works for straight beams and small strains. It shows that the division of the displacement in two contributions is not necessary a priori, so that a general solution of the cross-section is possible without assuming a redundant displacement field. This procedure leads to the definition of the stiffness matrix and clearly defines the meaning of the related deformation parameters. Moreover, the stiffness matrix of the beam section is recovered without requiring small parameters assumptions. This work makes use of standard continuum mechanics arguments, without heavily resorting to the Hamiltonian formalism; in retrospect, the resulting formulation can be partially seen as a numerical implementation of Mielke's works.
The paper is articulated as follows: first, the kinematic model and the equilibrium equations of the beam are revised; then the differential equations are developed and solved via a Jordan canonical form. The meaning of the generalized eigenvectors is then discussed in order to define the stiffness matrix of the section; some examples are presented.
Beam section characterization: kinematical model
Consider a geometrical model of a beam with the conventions represented in Fig. 1 . The beam is obtained by translating a given section along a straight line, which is not required to be orthogonal to its sections. Let xðn 1 ; n 2 ; n 3 Þ be the position of a point in the ref-
erence configuration, where n 1 represents the coordinate along a straight line arbitrarily chosen as the reference beam axis, and n 2 ; n 3 two local coordinates on the beam section. Following Giavotto et al. (1983) the displacement u of a generic point x on a given beam cross-section is defined as the sum of a warping field wðn 1 ; n 2 ; n 3 Þ, of a rigid section displacement rðn 1 Þ and of a rigid, infinitesimal section rotation u @ ðn 1 Þ around the point lying on the beam axis,
As mentioned in Section 1, this decomposition is six times redundant, and will not be pursued further. Differences between the original and the present formulation, descending from Eq. (1), will be highlighted throughout the paper. Therefore after dropping Eq. (1) altogether, let x 0 ðn 1 ; n 2 ; n 3 Þ represent the position of a point in the deformed configuration, so that u ¼ x 0 À x. Let g i and g i be the three covariant and contravariant vectors. The deformation gradient F ¼ x 0 = 1 can be decomposed in two terms, the first given by its vector component along the beam axis, and the second on the section plane
;a g a (Greek indexes vary between 2 and 3). We limit our analysis to straight beams with constant section along the beam axis, for sake of simplicity; therefore the contravariant base vectors g 1 ; g 2 and g 3 are uniform along the span. The virtual variation of the deformation gradient is
where dx 0 equals the virtual variation of the displacement. Assuming infinitesimal deformation and displacement fields, the small strain tensor can be computed as
3. Virtual work principle
The principle of virtual work is used to impose the equilibrium of a beam of length L. Let us consider the internal work contribution
because of the symmetry of Cauchy stress tensor S. The first term can be reworked as, 
. If, without loss of generality,
where n is the outward-pointing normal of the beam (with reference to Fig. 1 
work is therefore the sum of three main contributions: a boundary term and two integral terms, the first containing the derivatives along the beam axis, the second the derivatives with respect to the section reference frame. The formulation is here limited to end loads, neglecting distributed loads along the beam axis. The virtual work of the applied external forces is then
The equilibrium is therefore satisfied if
The first two integrals constitute the global equilibrium equations, 2 while the last two integrals represent the natural boundary conditions at the end of the beam, S Á n ¼ f . When displacements are assigned at a boundary, this equation gives the reaction forces at that boundary. The equilibrium equations along the beam is:
and can be solved by using an analytical approach and/or using a two-dimensional numerical solution, nowadays mostly with finite elements, as it will be done here. Hereafter, plane isoparametric elements are considered and the displacement of each point is approximated by dividing the dependence on the section reference frame and on the beam reference line between shape functions and the unknowns:
Then, taking into account the arbitrariness of virtual nodal displacements du i and the symmetry of the stress tensor S we obtain from Eq. (9)
Considering now a linear constitutive relation between stresses and strains, S ¼ E : , and taking into account the symmetries of tensor E, we obtain a set of second order differential equations in the nodal unknown displacements u k :
Defining the matrices M; C; E as
and the skew symmetric matrix H as
these differential equations can be expressed in matrix form as
The weak form of the natural boundary conditions can be developed in the same way, leading to:
As an example, a beam clamped at the axes origin, with an external load applied at the tip will lead to the following boundary conditions,
so that its final ODE system will be Mu ;11 À Hu ;11 À Eu ¼ 0
The matrix M is built by integrating the symmetric, positive definite tensor n Á E Á n multiplied by the shape functions N; hence M is a symmetric positive definite matrix. Matrix E is built integrating the derivatives N ;a of the shape functions, and represents the stiffness matrix of a prism whose displacement component u 1 is a function of n 2 and n 3 alone, ðu Á g 1 Þ ;1 ¼ 0; it is therefore a symmetric and four times singular matrix, with the three translational rigid body motions and the rigid body rotation around the n 1 axis as nullspace.
It is preferable to reduce Eq. (14) to a system of first order differential equations (ODE)
Let the above vector and matrices be called:
so that Eq. (18) can be concisely written as
4. Discussion on the homogeneous system of equations
We now demonstrate that the characteristic system of Eq. (18) has an even number of null eigenvalues, because it can be transformed into a Hamiltonian form. Define the generalized tensions vector g as
Then u ;1 is equal to
and the original system Eq. (14) can therefore be re-written as
After substituting Eq. (22) into the previous equation the statespace Eq. (20) becomes
Matrix W is similar to its transpose ÀW T , because it satisfies the non-singular transformation
. W is therefore a Hamiltonian matrix, and its spectrum has symmetric eigenvalues with respect to the imaginary axis. W is thus characterized by an even number of null eigenvalues; in particular, a closed section has 12 null eigenvalues as shown in Mielke (1988 Mielke ( , 1991 , and . A further, simple proof is given in the next section. Because of this coincidence of null eigenvalues, the matrix W is not diagonalizable, but can be reduced to a Jordan form (Golub and Wilkinson, 1976) . So, given Eq. (18)- (20), it is possible to find a trans-
AX is a Jordan matrix. Defining q ¼ Xv, the new system becomes
and the solution of Eqs. (20) and (26) is
Since Jordan matrices have a block form, their exponential matrix benefits of an important property: if J i ðk k Þ is a block in J, then e ðJ n 1 Þ has the same block structure of J, with e ðJ i ðk k Þ n 1 Þ in place of J i ðk k Þ, whose form is given, for example, by:
for a block of dimension 4. Generally, the numerical computation of a Jordan form is ill-conditioned and, despite its importance, it is not advisable to try to determine it. Nonetheless, the homogeneous system of Eq. (18) is characterized by a matrix block form, and many of these blocks are empty matrices. Thus the peculiar structure of this system allows the derivation of a simple and numerically stable scheme to compute its Jordan canonical form.
Computation of generalized eigenvectors and main features of the characteristic matrix
A special procedure is required to compute the generalized eigenvectors corresponding to the null eigenvalues, associated to a non-diagonal block in J. With reference to Eq. (20), this problem could be solved by computing the generator vectors q 0 of the different Jordan chains from Aq 0 ¼ 0, and the subsequent chain vectors q i from Aq iþ1 ¼ Bq i . We prefer here to refer to Eq. (14) directly; the general procedure explained hereafter is based on the standard method of undetermined coefficients and gives, in our opinion, more insight into the physical meaning of the generalized eigenvectors (see Appendix A for the computational details). Consider, for instance, a constant solution, u ¼ d 0 . In this case, Eq. (14) reduces to Ed 0 ¼ 0, and the space of possible constant solutions is defined by the nullspace of E; in practice, it means that the only possible constant solutions are three rigid body translations and the rigid body rotation about the beam reference line. When seeking a linear solution, 
the resolving equations for the unknown generalized eigenvectors
Therefore, these vectors correspond to a Jordan chain whose lead vector is equal to
, and the following ones to
Starting from the four rigid body motions defined by the nullspace of E, a set of four Jordan chains is generated by Eq. (29), each one computed from its corresponding leading vector d 0 . All the four constant solutions uðn 1 Þ ¼ d 0c ; c ¼ 1; 2; 3; 4, are characterized by null stresses and null tensions vector g. Therefore,
Since the four Jordan chains are completely independent we infer that each chain covers an even number of null eigenvalues(Section 4). It immediately follows that the smallest chain has at least 2 generalized eigenvectors, d 0 and d 1 .
The first chain is generated by the rotation of the section about the beam reference line (vector d 0 ) and its linear part defines the constant torsional deformation warping mode d 1 . The second chain is characterized by a rigid axial displacement of the section (vector Thus, as already proved by Mielke (1988 Mielke ( , 1991 , the characteristic pattern of the corresponding Jordan matrix is that of Fig. 2 , where the four blocks of J are divided in: 2 4 Â 4 blocks, each block leading to four polynomial solutions, from the zeroth up to the third order; 2 2 Â 2 blocks, each block leading to two polynomial solutions, from the zeroth up to the first order.
The homogeneous solution of the system is thus formed by two independent parts: polynomial solutions defined by the generalized eigenvectors that propagate undisturbed along the beam and independent exponential solutions, whose characteristic decay lengths are defined by the inverse of the non-null eigenvalues of Eq. (18). The only eigenvalues of the problem lying on the imaginary axis are the null ones, so that all the solutions but the polynomials are modulated by an exponential function that decays along n 1 , or by the correspondingly increasing one. A general proof that in linear elasticity there cannot exist periodic solutions of the homogeneous problem could be inferred from optimal control theory (e.g. Bryson and Ho, 1975) . Nonetheless a simpler, terse and physical proof, suggested by Giavotto (1986) , is worth mentioning. In fact assuming that a periodic solution does exist, let d be its along beam period. Then the deformation energy of a piece of beam of length d must be greater than zero. Recalling Clapeyron's theorem (e.g. Love, 1906) , the deformation energy is equal to half of the work performed by the beam stresses at the extremity sections. For a periodic solution with period d the work is thus null, contradicting the initial hypothesis. Note that, when dealing with nonlinear elasticity, this statement is no longer valid; rather, as suggested by Merlini (1988) , the coalescence to the imaginary axis of two eigenvalues for increasing pre-stresses can be used as a bifurcation criteria.
Meaning of generalized eigenvectors
In this section the meaning and importance of generalized eigenvectors are discussed. The complete displacement of the beam is given by the sum of the polynomial solutions in n 1 associated to null eigenvalues and of the exponential solutions. Therefore, the displacement can be divided in a central fundamental part associated with the generalized eigenvectors, and an exponential part that takes into account the effects of boundary conditions and becomes negligible far away from the ends. The exponential nature of the non-polynomial solutions is nothing but a different statement of the De Saint-Venant's principle, and suggests to analyse the elastic three dimensional beam problem by projecting it on the polynomial solutions space only, thus neglecting end effects. The generalized polynomial solutions can be divided in 2 main groups: first, polynomials that do not contribute to the internal work and define rigid displacements only, second, polynomials that do deform the structure. Consider for example a Jordan block of dimension 4; the solution of the system, taking into account the exponential of the Jordan matrix, assumes the form 
The generalized eigenvectors corresponding to rigid body motions satisfy c ¼ 0 and g ¼ 0 by definition and their deformation energy is null. Therefore the parameters k 0 and k 1 do not appear in the definition of the internal work of the beam and it becomes natural to assume the amplitude of the parabolic and cubic solutions, k 2 and k 3 , as generalized section deformation parameters. It should be observed that considering k 2 and k 3 as deformation parameters corresponds to assuming the second and third derivatives of the displacement as deformation parameters of the beam, which is in agreement with the classical solution of a beam bending problem. The same argument can be observed for a Jordan block of the second order: the corresponding solution is 
with d 0 d 1 ½ being the matrix of the generalized eigenvectors associated to this second order block, and with null third derivative. The only contribution to the deformation is given by k 1 , which is associated to the first derivative of the displacement and will be taken as deformation parameter for this block. This structure characterizes both the torsional and the axial solutions.
Identification of the stiffness matrix
The polynomial solutions contributing to the internal work of the beam are called the central solution of the beam problem. By projecting the three dimensional beam problem onto the polynomial solution space, the amplitude of the different generalized eigenvectors becomes the unknown. The solution that can be obtained through this projection is exact if the beam is loaded only at its ends, and with the very same stress vector distribution resulting from central solutions. It will differ from the real solution by the exponentially decaying solutions otherwise. In many applications the result of this projection is synthesized into what is usually called the stiffness matrix of the beam, which allows to compute the internal forces as a function of their energetically conjugated deformations. For this purpose consider the internal work of the beam, as in Eq. (4), and introduce the finite element discretization. In matrix form
As previously described, the 12 generalized eigenvectors can be divided in 2 groups, with the first group defining the rigid motions. In the following, matrix Q r represents the rigid eigenvectors, Q d the deformable ones, k r ðn 1 Þ and k d ðn 1 Þ the corresponding multipliers.
For example, with a 4 Â 4 Jordan block as in Eq. (32),
senting the state-space form of the generalized eigenvectors, i.e.
, and so on; with a 2 Â 2 Jordan block as in
Remember that the generalized tensions g and flows c, Eqs. (21) and (33), are identically null for rigid body motions; it is so possible to verify that 
allows to compute the virtual work per unit length of the beam as a function of the value of the corresponding multipliers k d ðn 1 Þ, and is therefore a true stiffness matrix. However, the unknown coefficients k di are not energetically conjugated to the internal actions, thus the use of this matrix is of limited use in practical computations. It is therefore important to find a linear combination of the deformation modes that is energetically conjugated to the beam internal forces. Assuming that such linear combination can be found, and is independent from n 1 , we have:
where w is the generalized deformation conjugated to the beam internal actions and G is a non-singular matrix. The internal work per unit length results
The definition of the internal actions is
Introducing the expression of the strain and the finite element isoparametric discretization, and taking into account the symmetry of the elastic tensor E, Eq. (38) becomes
where matrices L and R are defined by
The generalized deformations w are, by definition, energetically conjugated to the internal actions, i.e. dL i ¼ dw T h; therefore, recalling Eq. (37), the two expressions must be equal Fig. 3 . Traction modes.
Eq. (41) must be verified for every possible deformation, so it is equivalent to a system of linear equations with the columns of matrix G as unknowns:
Finally, the stiffness matrix is
with G given by Eq. (42). This method is very efficient from a computational point of view because it requires a simple inversion of a 6 Â 6 matrix to find the matrix G.
Example 1: isotropic rectangular beam
This first example analyses an isotropic, prismatic beam. The beam section is rectangular (0.12 Â 0.24 m) and is discretized using 72 bilinear elements. An isotropic elastic material is used, characterized by a Young Modulus E ¼ 73; 800 MPa, and by a Pois-
This simple example is exploited to show the meaning of the generalized eigenvectors. The typical shape of the 12 generalized eigenvectors is represented in Figs. 3-5 . The first eigenvector of all pictures corresponds to an eigenvector of matrix E. So they are representative of the four rigid body modes of the section, and are all characterized by a null derivative in n 1 . Fig. 3 represents the traction modes of the beam: first (Fig. 3(a) ), a constant rigid displacement in n 1 (with null deformation), then ( Fig. 3(b) ) a contraction of the section about n 1 axis, corresponding to a constant deformation along the span (linear displacement). Fig. 4 represents the torsional modes of the beam: first (Fig. 4(a) ), a constant rigid rotation about axis n 1 , then (Fig. 4(b) ) an out-of-plane warping of the section. Finally, Fig. 5 represents one of the two bending modes: first ( Fig. 5(a) ), a constant rigid displacement in a direction perpendicular to n 1 , second (Fig. 5(b) ) a rigid rotation of the section about an axis perpendicular to n 1 and to the constant translation direction, third (Fig. 5(c) ) a displacement in a plane normal to n 1 , and finally (Fig. 5 ) an out-of-plane warping. The validity of the procedure is checked via a study of the convergence of the stiffness coefficients per unit length of the beam, when the discretization of the section increases. It can be seen that these coefficients converge to the well-established values of classical theory. The results related to the shear stiffness along the vertical axis, to the torsional stiffness and to the bending stiffness around the horizontal axis are depicted in Figs. Fig.6-8 . We omit picturing both the axial stiffness, because even the less refined model (1 element) gives a precise result ðEA ¼ 2:1254 Á 10 9 NÞ and the second shear and bending stiffness, as they have the same behavior of the other shear and bending coefficients. The convergence to the analytical value of the bending coefficient is achieved with few elements: the difference with the analytical value is less than 2% with 32 elements; the convergence of the torsional coefficient is attained with few elements as well, but the numerical value is 2% higher than the analytical value. The shear stiffness coefficients are computed from the section deformation energy Þ=GdA, with analytical expressions for the shear stress components s 12 and s 13 taken from Timoshenko and Goodier (1951) , where the analytical expression for the torsional stiffness is available as well. The complete stiffness matrix is reported in Table 1 . The characteristic eigenvalues of the homogeneous rectangular section are shown in Table 2 , with the corresponding decay lengths and their ratio to the shortest dimension of the section. The first 12 eigenvalues corresponding to the rigid body modes and to the central solutions of Saint-Venant's theory are null; the next eigenvalues lead to a decay of the corresponding eigen solutions in a short length close to the boundaries.
The solution of the complete partial differential equation can be computed by taking into account all central and exponential solutions, and the complete displacement at each node of the section along the beam can be computed. As an example consider a clamped beam of length l ¼ 3 m, with a uniformly distributed shear force per unit surface, with resultant T 3 ¼ 10 N, applied at the free beam end section. Fig. 9 represents the convergence of the vertical displacements of the shear center at the end of the beam: the displacement of the node corresponding to the shear center converges with few elements (72); the result computed accounting for central and exponential solutions differs by less than 1% from the displacement given by classical Saint-Venant's theory, i.e. computed taking in account the central solutions only. The analysis correctly recovers also the beam forces along the beam. The main contribution to the nodal displacement is the polynomial part, as the corrective effects are obviously significant only close to the ends of the beam. The stress distribution on each section is characterized by the same behavior. Fig. 10 compares the distribution of S 11 at the clamped end against Saint-Venant's stresses.
Example 2: anisotropic thin strips
Consider two composite beams studied both experimentally and theoretically by Cesnik (1994) , Hodges et al. (1991), and Minguet and Dugundji (1990) . These beams are made of AS4/3501-6 Graphite-Epoxy, whose properties can be found in Table 3 . They are characterized by the following lay-ups:
BT:½45
; 0 3s ET:½20 ; À70 ; À70 ; 20 2a
The first beam (BT) is characterized by bending-twist coupling, the second (ET) by extension-twist coupling .They both have a thin rectangular cross-section of width 30.023 mm, and thickness 1.4712 mm (BT) and 1.9215 mm (ET), respectively. In Tables 4  and 5 the present stiffness matrix is compared with the classical laminated ply theory (CLT - Minguet and Dugundji (1990) ) and with Hodges et al. (1991) . In the present analysis, a 10 Â 12 mesh of 8-node elements (120 elements, 405 nodes and 1215 degrees of freedom) is used to model the first laminate (BT) and a 10 Â 16 mesh of 8-node elements (160 elements, 533 nodes and 1599 degrees of freedom) for the second strip (ET). In Tables 4 and 5 , the values obtained in this work are considered as reference and the parenthesized numbers show the percentage differences.
A good correlation exists between the present results and those reported by Hodges et al. (1991) . The first case (BT laminate) shows a good match between the two analyses, whilst the second case shows a significant difference in a shear ðK 33 Þ and shear-bending coupling term ðK 36 Þ stiffness coefficients. This is due to the fact that Hodges et al. (1991) used linear elements for this test case and the shear coefficients are the most sensitive to discretization differences.
The characteristic eigenvalues of the two strips are shown in Tables 6 and 7 respectively, as well as the corresponding decay lengths and their ratio with the shortest dimension of the section. The central solutions are given by the first 12 eigenvalues, i.e. as for Saint-Venant's theory. It should be noticed that end effects are larger with respect to those shown by the homogeneous beam example. 
Conclusions
A general framework for the modeling of anisotropic, nonhomogeneous beams with arbitrary cross-section is presented. This new procedure, even if limited to straight and linear beams at the moment, bridges numerical works aimed mainly at the characterization of beam sections (e.g. Giavotto et al., 1983 Giavotto et al., , 1986 Giavotto et al., , 2006 ) and more theoretical ones (e.g. Mielke, 1991; Zubov, 2006 Zubov, , 2008 . It does not require an a priori separation of the displacement into a reference section displacement and a corrective warping and it clarifies the different roles of the socalled central and extremity solutions. The differential system of equations naturally results in a homogeneous solution composed by a polynomial contribution and an exponential part. It is therefore shown that the solution of the elastic beam problem does not require any assumption about the functional form of the beam motion. It is furthermore clear that what is generally considered as the classical model of a beam loaded at its ends naturally descends from the characteristic behavior of the complete system when the complete solution is approximated by the polynomial terms. This approximation allows a straightforward and consistent definition of the general stiffness matrix of the cross-section, which correctly takes into account the full three dimensional stress state.
Appendix A. Computational issues
The computation of generalized eigenvectors is not trivial, because the problem is both defective and derogatory (Golub and Wilkinson, 1976) . The solution of Eq. (29) requires the inversion of matrix E, 4 times singular. To reduce the computational cost, it is advisable to avoid the computation of its pseudo-inverse, so Lagrange multipliers have been chosen for the solution of this problem. When solving Eq. (29), E needs to be constrained in order to prevent rigid displacements in three directions and the rotation about the beam reference axis. This is accomplished by using four Lagrange multipliers k, so that the resolving systems stemming from Eq. (29) takes now the structure
where vector r i stands for the different right-hand sides of Eq. (29) and matrix U defines the constraints applied to the system. The Table 4 Correlation of stiffness coefficients for BT laminate from Hodges et al. (1991) and Minguet and Dugundji (1990) Giavotto et al., 1983; Borri and Merlini, 1986; Cesnik et al., 1993; Hodges, 2006) arose from the redundant definition of the cross-section warping adopted there. Now, without any redundancy in the kinematical description, it is necessary to constrain the same equations in order to prevent rigid body motions. Remember that the nullspace of E is composed by these three rigid displacements and a rotation, so it can be determined a priori. Similarly, there is no need to compute the second eigenvectors d 1 associated with the rigid displacements in a plane normal to the beam reference axis. Then the next steps of the solution of Eq. (44) will provide both the solution and the corresponding Lagrange multipliers k. A set of nonzero Lagrange multipliers means that the chain under consideration has reached its maximum order at the previous step. However, also a linear combination of these chains satisfies the unconstrained problem of Eq. (29), because the problem is derogatory. Thus, it can happen that, once a given polynomial order is reached, Eq. (44) is not solvable without introducing spurious forces (the non-null Lagrange multipliers) not because the chain does not have additional eigenvectors, but because it contains a contribute of a lower-order chain. For this reason it is necessary to depurate the solution from the vectors of all the other chains at each step, as it is explained in the following. After solving Eq. (44), a loop on the other chains is made. If these chains have already reached their maximum order, the solution is depurated from their contribution. Let n c the number of generalized eigenvectors that has been successfully computed for chain c. If chain c reached its maximum order, k nc is non-null, and the corresponding solution d nc is not a generalized eigenvector; thus, d dc À1 is the last generalized eigenvector of chain c. Let j be the current chain, and c a lower-order chain. If d j P n c , it is possible to depurate chain j's multipliers from chain c ones:
where k n j identifies the Lagrange multiplier of the current chain. Consistently, the generalized eigenvectors of chain j becomes d n j Às ¼ d n j Às À k d nc Às ; s ¼ 0; 1; . . . ; n c :
